We report on theoretical Auger electron kinetic energy distribution originated from sequential two-step Auger decays of molecular double core-hole (DCH) state, using CH 4 , NH 3 and H 2 CO molecules as representative examples. For CH 4 and NH 3 molecules, the DCH state has an empty 1s inner-shell orbital and its Auger spectrum has two well separated components. One is originated from the 1st Auger transition from the DCH state to the triply ionized states with one core hole and two valence holes (CVV states) and the other is originated from the 2nd Auger transition from the CVV states to quadruply valence ionized (VVVV) states. Our result on the NH 3
We report on theoretical Auger electron kinetic energy distribution originated from sequential two-step Auger decays of molecular double core-hole (DCH) state, using CH 4 , NH 3 and H 2 CO molecules as representative examples. For CH 4 and NH 3 molecules, the DCH state has an empty 1s inner-shell orbital and its Auger spectrum has two well separated components. One is originated from the 1st Auger transition from the DCH state to the triply ionized states with one core hole and two valence holes (CVV states) and the other is originated from the 2nd Auger transition from the CVV states to quadruply valence ionized (VVVV) states. Our result on the NH 3 Auger spectrum is consistent with the experimental spectrum of the DCH Auger decay observed recently [Phys. Rev. Lett. 105, 213005 (2010)]. In contrast to CH 4 and NH 3 molecules, H 2 CO has four different DCH states with C1s −2 , O1s −2 and C1s −1 O1s −1 (singlet and triplet) configurations, and its Auger spectrum has more complicated structure compared to the Auger spectra of CH 4 and NH 3 molecules.
In the H 2 CO Auger spectra, the C1s −1 O1s −1 DCH → CVV Auger spectrum and the CVV → VVVV Auger spectrum overlap each other, which suggests that isolation of these Auger components may be difficult in experiment. The C1s −2 and O1s −2 DCH → CVV Auger components are separated from the other components in the H 2 CO Auger spectra, and can be observed in experiment. Two-dimensional
Auger spectrum, representing a probability of finding two Auger electrons at specific pair of energies, may be obtained by four-electron coincidence detection technique in experiment. Our calculation shows that this two-dimensional spectrum is useful in understanding contributions of CVV and VVVV states to the Auger decay of molecular DCH states.
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I. INTRODUCTION
Molecular double core-hole (DCH) state is a state of a molecule with two inner-shell vacancies; they mostly correspond to two K-shell vacancies in the literature, 1-11 although two L-shell vacancies or one K-shell and one L-shell vacancies have been treated as well.
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Two different kinds of molecular DCH state exist: single-site (ss) DCH state having core-hole vacancies at the same atomic site and two-site (ts) DCH state with two core-hole vacancies at different atomic sites. Properties of molecular DCH state with K-shell vacancies was first studied by Cederbaum et al. 1 at 1986 and have been discussed occasionally since then. [2] [3] [4] [5] [6] [7] In contrast, experimental realization of probing molecular DCH state has not been possible until recently because of technological difficulties. Recently, X-ray free electron laser (XFEL) at Linac Coherent Light Source (LCLS) started operation, 13 which has capability to generate high intensity, short laser pulses required to produce molecular DCH state by sequential two-photon two-electron ionization. Using this XFEL facility, Fang et al. 8 identified the ss-DCH state of nitrogen molecule by analyzing photoelectron and Auger electron spectra.
Cryan et al. 9 also obtained the Auger electron angular distribution originated from the N 2 DCH Auger decay in the molecular frame. At the same time, it has become possible to study molecular DCH state using synchrotron radiation (SR), combined with multielectron coincidence technique. In contrast to two-photon sequential ionization by XFEL, SR mainly creates molecular ss-DCH state through single-photon two-electron ionization process. Eland et al. 10 detected the ss-DCH states of NH 3 and CH 4 molecules in their SR experiment. For NH 3 molecule, they obtained the Auger electron spectrum originated from the cascade Auger decay of the ss-DCH state. The 2h-1p pre-edge resonance state of NH 3 , with double core-hole single electron valence excited configuration, was also identified, where they found that the state decays predominantly through the spectator Auger process.
In different SR experiment, Lablanquie et al. 11 determined binding energies of the ss-DCH states for N 2 , O 2 , CO and CO 2 molecules. Using the four-electron coincidence detection method, with two photoelectrons and two Auger electrons, they obtained two-dimensional (2D) Auger intensity distribution of the N 2 ss-DCH decay as functions of two Auger electron kinetic energies. Their photoelectron spectrum of N 2 shows clear signature of the DCH shake-up satellite states. Based on the Auger spectrum of the N 2 DCH satellite state, they concluded that the satellite state decays by the spectator Auger process. Although number of experimental studies on molecular DCH state is still limited, it is expected to increase in near future because XFEL facilities are being constructed in Japan and EU, 14 and also because more SR experiment will be performed to study molecular DCH state.
Several theoretical studies [1] [2] [3] [4] [5] [6] [7] 15 have been performed on molecular DCH state to clarify its basic properties. As in single core-hole state, molecular DCH state is not stable but decays by Auger electron emission or X-ray emission, where Auger decay is expected to be dominant for low-Z elements. 16 At present, number of theoretical works on Auger decay of molecular DCH state is quite limited, where only two studies exist: theoretical N 2 DCH Auger spectrum by Fang et al. 8 and characterization of transient and final ion states in CH 4 and NH 3 DCH Auger decays by Eland et al. 10 Detailed knowledge about Auger electron kinetic energy distribution, such as assignment of peaks and prediction of Auger intensity, is important to interpret experimental molecular DCH Auger spectrum, in which single core-hole Auger spectrum or other instrumental noise often prevents straitforward extraction of DCH Auger spectrum. 10 In addition, detailed theoretical information may be valuable for studying timedependent process of molecular DCH formation and decay in XFEL experiment.
Auger decay of molecular DCH state mainly involves three different kinds of electronic states: 10,11 DCH state, triply ionized states with one core hole and two valence holes (CVV states) and quadruply valence ionized (VVVV) states. These electronic states and their relations are schematically shown in Fig. 1 . In the first Auger transition, the DCH state decays to the CVV states, then these CVV states decay to the VVVV states in the second Auger transition. Thus, two Auger electrons are emitted in molecular DCH Auger decay, in contrast to one Auger electron emission in Auger decay of single core-hole state. Other processes may also be involved in molecular DCH decay, such as X-ray emission, double
Auger process 17 where a valence electron fills the vacant core-hole with emission of two Auger electrons, or direct Auger decay from DCH state to VVVV state where two valence electrons simultaneously fill the vacant core-holes with an emission of an Auger electron.
These processes are not treated in the present work, because the probability of X-ray emission is expected to be small for low-Z elements treated in the present work. Aso, description of the double Auger process and the direct Auger decay from DCH state to VVVV state requires the second order perturbation in terms of the Coulomb interaction, 18 and thus their transition probabilities are expected to be small compared to normal Auger process which can be described by the first order perturbation. [26] [27] [28] [29] in which continuum orbital is not evaluated at all. In this work, the intensities of DCH → CVV and CVV → VVVV Auger decays are approximated by using atomic population of valence orbitals, which was originally introduced for molecular SCH Auger decay by Mitani et al.
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Although this approximation is not so accurate, it will be suitable to survey characteristic feature of Auger electron spectrum originated from molecular DCH Auger decay.
II. THEORETICAL METHOD
A. Auger Intensity 
where Ψ i and Ψ f are the wave functions for the initial and the final state,Ĥ is the Hamiltonian, E is the energy of the initial state, and t is the amplitude of the Auger transition.
Atomic units are used in this expression. The wave function for the initial core-hole state, 
= (kv|cv) (v = w) .
For triplet final ion state, the amplitude is
Here c and k represent MOs for the core-hole vacancy and the continuum Auger electron, respectively. The expression (ij|kl) represents two-electron integral,
which involves MOs φ i , φ j , φ k and φ l . In a similar manner, we can derive expression for amplitudes of Auger transition from DCH state to CVV state, assuming frozen orbital approximation as well as single CSF wave functions. The results are summarized in Table   I . We selected a specific spin-coupling scheme to represent doublet CVV states in Table   I , where intermediate spin state, singlet or triplet, was first formed in valence electrons, then it was coupled with doublet core electron to form total spin state with S=1/2. In other word, we represent two S=1/2 wave functions as Φ S = 1/ √ 2 (|vwc| − |vwc|) and
Spin-coupling scheme is not unique when we construct total spin state from three S=1/2 particles. 33 For example, the wave functions Φ S and Φ T shown above are constructed from spin coupling scheme vw · c, which means that v and w orbitals form singlet or triplet configuration, then c orbital couples this configuration.
Similarly, other spin coupling scheme such as v · wc or cv · w is possible. So, care must be taken when expressions in Table I are compared with other calculation. The expressions in Table I were not used in our actual calculation, they may be usefull in other theoretical or experimental work when quick evaluation of DCH → CVV Auger intensity is required.
When the initial and the final ion states are represented by more general multi configurational functions, the Auger amplitude is represented as
where the summation of MOs v and w is taken over all active valence orbitals. The coef- CSFs with large CI coefficients contribute to the Auger amplitude t.
The two-electron integral (kv|cw) in Eqs. (3), (4) and (6) was mostly used. In addition, congen and scatci modules in the UK R-matrix codes 41 were partly used to analyze the electronic states.
In evaluation of the Auger intensities, we used the Löwdin atomic population of the MOs which were taken from the CASSCF calculation for the CVV states. The population ob- Binding energies of DCH state (E DCH ), CVV state (E CVV ) and VVVV state (E VVVV ) are related to the 1st and 2nd Auger electron kinetic energies (E Auger1 and E Auger2 ) as,
Using these relations as well as experimental or theoretical value of E DCH , the 2D Auger spectrum in the upper panel of 1D spectra from experimental data, theoretical 1D spectra can be obtained directly from our calculation, without explicit integration. The original discrete spectra are shown as vertical bars in Fig. 4 . Three distinct peaks are seen in both panels, with the highest energy peak corresponds to the (2a 1 ) 0 (1t 2 ) n configuration, the second highest peak corresponds to the
n−1 configuration and the lowest energy peak corresponds to the (
configuration, where n is 6 for the CVV states in the upper panel and 4 for the VVVV states in the lower panel.
For reference, ionization energies of the calculated CVV states are summarized in Table   II Although agreement with the experimental spectrum and our result looks modestly good on the whole, some degree of discrepancy exists, especially around the 2nd Auger component.
Origin of the difference may be related to the approximations employed in our calculation, e.g., the frozen orbital approximation or neglect of the shake-up satellite DCH states. By considering orbital relaxation or the satellite states, the shape of the theoretical Auger spectrum may be changed. In addition, experimental noise from SCH signal can be another source of the discrepancy, which may be reduced by performing four-electron coincidence experiment.
In the upper panel of DCH decay in Fig. 3 , high-intensity regions look less distinct in the NH 3 Auger spectrum.
For both the 1st and 2nd Auger electrons, the higher kinetic energy corresponds to vacancy We can still make assignment of these peaks in terms of electronic configuration, e.g., the lowest energy peak corresponds to the configuration The formation probabilities of the singlet ts-DCH and the ss-DCH states are assumed to be the same, because they are expected to be formed through sequential two-photon two-electron ionization. We also calculated the Auger spectra expected in SR experiment, where only the ss-DCH states contribute the Auger spectra because of very low formation probabilities of the ts-DCH states. The result is shown in Fig. S3 .
The lower panel of Fig. 8 As shown in the lower panel of Fig. 8 , the main part of the C1s −2 ss-DCH → C1s CVV → VVVV Auger decay overlaps with those of the C1s
Auger spectrum. Our results suggest that the Auger decays of the ss-DCH states may be easily identified in experiment. However, distinction between the ts-DCH → CVV Auger spectra and the CVV → VVVV Auger spectra may be difficult.
The convoluted C1s −2 ss-DCH → C1s −1 CVV Auger spectrum has two large peaks at 300 eV and 275 eV, and one faint peak at 250 eV. The peak at 300 eV is formed by two-electron vacancy creation in the 5a 1 , 1b 1 , 1b 2 and 2b 2 valence MOs, (5a 1 1b 1 1b 2 2b 2 ) −2 , while the peak at 275 eV corresponds to the (3a 1 ) −1 (5a 1 1b 1 1b 2 2b 2 ) −1 valence hole creation. The structure between the 300 eV peak and the 275 eV peak involves vacancy creation in the 4a 1 MO as well. The faint peak at 250 eV is formed by the (3a 1 ) −2 vacancy creation. Note that these assignments are not as obvious as in the cases of the NH 3 and CH 4 Auger spectra. Similarly, we can relate the peaks in the other convoluted Auger spectra to the (5a 1 1b 1 1b 2 2b 2 ) −2 , (3a 1 ) −1 (5a 1 1b 1 1b 2 2b 2 ) −1 and (3a 1 ) −2 vacancy creations, with contribution of the 4a 1 hole creation to the structure between the highest energy and the second highest energy peaks.
For example, the peak around 560 eV in the O1s −2 ss-DCH → O1s Auger intensities of the case (1) and (2) will not be observed separately, but summation of these two intensities will be measured as shown in the panel (c) of and 7, can be obtained from the 2D spectra in the panels (a) and (b), using the relation
Because this relation is preserved by exchange of E Auger1
and E Auger2 , the 1D Auger spectrum can be directly obtained from the 2D spectrum in the panel (c). Thus, if experimental value of E DCH is available, information on VVVV binding energies may be obtained in experimental measurement on the ts-DCH Auger decays.
For reference, ionization energies of the low-lying C1s −1 CVV states are shown in Table   IV with their main configurations and Auger intensities. Also, the low-lying O1s −1 CVV states are listed in case. Our results can be understood in the following manner. When we evaluated the DCH → CVV Auger intensities using Eqs. (1) and (6) and H 2 CO DCH states may also be short, but such values are not known so far. Thus, it will be interesting as well as necessary to verify the validity of the "three-step" assumption in future, for example, by performing calculation or experimental measurement on lifetime of DCH and CVV states, or by measuring angular distribution of Auger electrons in the molecular-frame as in the SCH Auger process.
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Following Mitani et al., 29 we approximated two-electron integrals in Eq. (6) In this paper, we have studied basic properties of molecular DCH Auger decay by estimating Auger spectra originated from the normal Auger decays of the molecular DCH states. Angular distribution of the Auger electron was not studied in this work, though the experimental measurement has already been performed for the Auger decay of the N 2 ss-DCH state. 9 Angular distribution of the Auger electron may contain additional information on valence holes created in DCH or CVV Auger decays, and will be an interesting subject for theoretical study in future. In addition to the normal Auger decay of molecular DCH state, the Auger decays of doubly core excited resonance state and shake-up satellite state have been studied experimentally 10,11 and may deserve further theoretical study as well.
At this point of time, experimental Auger spectra are only available for the Auger decay of ss-DCH state. 8, 10, 11 However, the XFEL experiment on CO molecule has been performed at LCLS and the Auger spectra of the ts-DCH decay are being analyzed. 48 Thus, we can expect further experimental information in this subject in the near future.
IV. SUMMARY
We have performed theoretical investigation on Auger decay of molecular DCH state, for which experimental information becomes available for several molecules recently. Assuming sequential two-step Auger transitions from DCH state to CVV states and from CVV states to VVVV states, Auger electron kinetic energy distributions were estimated for CH 4 , NH 3 and H 2 CO molecules based on the CASSCF and CASCI calculations. The Auger spectra of the CH 4 and NH 3 ss-DCH Auger decays contain two well separated components: one from the 1st Auger transition from the DCH state to the CVV states and the other from the 2nd Auger transition from the CVV states to the VVVV final ion states. Our result roughly agrees with the experimental Auger spectra of NH 3 ss-DCH decay, 10 but experimental spectrum with better energy resolution is desired for precise comparison. The calculated Auger spectrum of H 2 CO DCH decay has more complicated structure compared to the spectra of CH 4 and NH 3 DCH decays, due to existence of the ts-DCH Auger decay. In the Auger spectrum of H 2 CO DCH decay, the components originated from the ss-DCH → CVV Auger decays are well separated from the rest of the spectrum. However, the components originated from the ts-DCH → CVV Auger decays, and the components from the CVV → VVVV Auger decays overlap each other, making separation of the spectra difficult. The 2D Auger spectrum may be helpful in resolving this difficulty. We hope our calculation and analysis on the results, especially the H 2 CO DCH Auger spectrum, will be useful in interpreting experimental result expected in the near future. Fig. 2 The other details are the same as in Fig. 2 verted from the 2D spectrum in the lower panel of Fig. 9 . The other details are the same as in Fig. 3 In Fig. 8 , we show H 2 CO DCH Auger spectra expected for XFEL experiment. In case of SR experiment, formation efficiencies of the ts-DCH states are expected to be low, 1/100 of the ss-DCH states. Thus, we can ignore the ts-DCH contributions in simulating Auger spectra in SR experiment. In this figure, the Auger spectra without the ts-DCH contribution is shown. The details of the figure is the same as in Fig. 8 . 
